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SPRINGER CORRESPONDENCE VIA P-ADIC ANALYTIC
METHODS
Introdution. Despite its alluring title, this note ontains hardly anything orig-
inal: it is really a footnote to [Ra℄, and the author regrets that his ignorane of
representation theory prevented him from inluding this material in lo.it. In an
eort to make a virtue of neessity, we hail the lak of originality instead of dis-
simulating it: indeed, the main purpose of this artile is to show that the usual
proof (via Deligne-Fourier transform) of the Springer orrespondene for semisim-
ple groups over a eld k of positive harateristi, works verbatim even when k
has harateristi zero, up to replaing Deligne-Fourier transform by the (p-adi
analyti) Fourier transform of [Ra℄, and the usual étale site by the analyti étale
site. We will be rather skethy, exept in the few points where p-adi tehniques
are brought to bear that might be unfamiliar to an expert of representation theory.
Espeially, we will need to assume that k is omplete under a non-arhimedean
valuation, but this is not really a restrition.
Of ourse, there are better ways (due to Lusztig and others) to obtain the
Springer orrespondene in a harateristi-free way; this note should be regarded
as a proof of onept whih hopefully might suggest new appliations.
Semisimple groups. We begin by realling a few notations and denitions, fol-
lowing [KW, Ch.VI℄. Let k be an algebraially losed eld of harateristi zero.
We let G be a semisimple onneted algebrai group of dimension n over Spec k,
W the Weyl group of G, B ⊂ G a Borel subgroup, U ⊂ B the unipotent radial
of B, g, b and u the Lie algebras of respetively G, B and U ; set b := dim(B) and
u := dim(U). Let moreover N ⊂ g be the nilpotent variety, i.e. the Zariski losed
subset onsisting of all the nilpotent elements of g. The adjoint ation of G on g
indues a proper surjetive morphism of shemes
qN : X := G×
B u→ N .
It is well-known, and shown in [KW, Ch.VI, 11, Lemma 1℄ that qN is semi-small;
as a onsequene, if we let m := dimN , the omplex
Ψ := RqN∗Qℓ,X [m](
m
2
)
is a G-equivariant perverse sheaf on the étale site of the nilpotent variety N (here
[m] denotes the shift operator in the derived ategory, and (m
2
) denotes Tate twist:
notie that m is always an even number).
On the other hand, the Killing form indues a naturalG-equivariant isomorphism
g ≃ g∗ := Homk(g, k).
Under this isomorphism, b is naturally identied with the orthogonal u⊥ of the
subspae u. We dedue a map
q′ : Y := G×B u⊥ → g∗
1
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whih is dual to the above qN . In partiular, the omplex
Φ′ := Rq′!Qℓ,Y [n]
is aG-left-equivariant perverse sheaf on the étale site of g∗, with a G-ation overing
the oadjoint ation of G on g∗. In addition, Φ′ arries a natural right W -ation
overing the trivial W -ation on g∗(see [KW, Ch.VI, 10℄).
Fourier transform. We reall some results from [Ra℄. Here we assume that k is
omplete under a non-arhimedean valuation and its residue harateristi is p > 0,
dierent from ℓ. Let S be an analyti variety over k, in the sense of V.Berkovih
[Be℄ or R.Huber [Hu℄; let also E be an analyti vetor bundle over S, E∗ the dual
of E, p1 and p2 the two projetions of E ×S E∗ onto respetively E and E∗, and
〈·〉 : E ×S E∗ → A1S the natural bilinear pairing. Furthermore, let Λ be a torsion
ring, ltered union of its nite subrings, suh that:
(1) ℓnΛ = 0 for suiently large n, and
(2) the group of units Λ× ontains a homomorphi image of µp∞ , the group of
all p-primary roots of 1 in k.
The Fourier transform
F : Db(E,Λ)→ Db(E∗,Λ)
is a triangulated funtor on the bounded derived ategory of sheaves of Λ-modules
on the (analyti) étale site of E, with values in the bounded derived ategory of
Λ-modules on the étale site of E∗. As for any transform of its kind, it is dened as
an integral operator
F(K•) := Rp2!(p
∗
1K
• ⊗ 〈·〉∗Lψ) (for all K
• ∈ Db(E,Λ))
whose kernel is of the form Lψ := L×µp
∞ Λ, where ψ : µp∞ → Λ× is an injetive
group homomorphism (that exists by our assumption) and L is a ertain µp∞ -
torsor on the analyti étale topology of A1S (the sheaf of étale loal setions of the
logarithm mapping : see [Ra, 6.1℄ for the full details).
The main point is the laim that Ψ is the Fourier transform of Φ′ (up to a twist),
whih enables one to transfer the W -ation from Φ′ onto Ψ. However, before being
able even to state this assertion, we have to take are of a minor tehnial nuisane:
namely, the formalism of the p-adi Fourier transform is (urrently) available only
for omplexes of torsion modules (and not for omplexes of ℓ-adi sheaves). More
generally, due to some subtle issues, a workable denition of a (triangulated) derived
ategory of analyti ℓ-adi sheaves is still missing. Lukily, for our present purposes,
one does not need a full-edged formalism of ℓ-adi omplexes; instead, we an
proeed in a more ad ho manner, as follows.
First, let us denote by Zℓ the integral losure of Zℓ in Qℓ; for every r ∈ N the
quotient ring Λr := Zℓ/ℓ
r+1Zℓ fullls the onditions (1) and (2) above.
Reall that the onstant ℓ-adi sheafQℓ onX is represented by the inverse system
of torsion sheaves S := (Z/ℓr+1ZX | r ∈ N) and the omplex Ψ is represented by
the orresponding inverse system T := (RqN∗Z/ℓ
r+1ZX [m](
m
2
) | r ∈ N). Instead
of dealing with the nite rings Z/ℓr+1Z, we wish to work with oeient sheaves
that are Λr-modules; to this aim, it sues to tensor termwise the inverse system
S, whih gives the inverse system S′ := (Λr,X | r ∈ N); next, instead of applying
termwise the funtor RqN∗ to the system S, we do the same thing with the system
S′; this is a rather harmless proedure: indeed, the funtor RqN∗ommutes with the
hange of ring mapping indued by the (unique) ring homomorphism Z/ℓr+1Z →
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Λr, hene the result is the same as tensoring termwise the inverse system T by the
ring extensions Λn. Likewise, one replaes Φ
′
by an inverse system of Λr-modules.
We are therefore redued to ompare the omplexes
Ψr := RqN∗Λr,X and Φ
′
r := Rq
′
!Λr,Y .
Now we jump to the analyti étale site of the analyti spaes Xan and Y an, analyti-
ation of the k-shemes X and Y ; the omplexes Ψr and Φ
′
r determine omplexes
on the étale sites of respetively Xan and Y an, whih we shall denote by the same
names. Sine the transition to assoiated analyti étale omplexes is ompatible
with all ohomologial operations, this does not give rise to ambiguities.
Sketh of the proof. Now the argument proeeds as in [KW, Ch.VI, 13℄ : we
let B := G/B; one has natural losed imbeddings
i : Xan →֒ g× Ban i′ : Y an →֒ g∗ × Ban
We regard the analyti spae g × Ban as a trivial vetor bundle over Ban, whose
dual bundle is g∗ × B and notie that i (resp. i′) realizes Xan (resp. Y an) as a
sub-bundle of g × B (resp. of the dual bundle). We hoose a ompatible family
of haraters ψr : µp∞ → Λ
×
r for every r ∈ N, and we onsider the orresponding
Fourier transforms:
FB : D
b(g∗ × Ban,Λr)→ D
b(g× Ban,Λr).
Using [Ra, Prop.7.2.1℄ we dedue a natural isomorphism:
FB(i
′
∗Λr,Y an [n](b)) ≃ i∗Λr,Xan [m].
On the other hand, we have also the Fourier transforms on the ane spae g∗,
regarded as a vetor bundle over a point:
F : Db(g∗,Λr)→ D
b(g,Λr).
Let pr : g × Ban → g be the projetion; by [Ra, Prop.7.1.19℄ we have a natural
isomorphism:
Rpr!FB(i
′
∗Λr,Y an [n]) ≃ F(Rq
′
!Λr,Y an [n]).
Let iN : N → g be the losed imbedding; sine pr ◦ i = iN ◦ qN we nally obtain a
ompatible system of natural isomorphisms:
F(Φ′r) ≃ iN∗Ψr(−n) for every r ∈ N.
From here on it's all downhill : the G-equivariane of Ψ allows one to deompose
it (in the ategory of perverse sheaves) as a sum of fators supported on the orbits
of the G-ation on N ; on the other hand, the relation just found shows that the
deomposition must also be W -equivariant and thus we obtain a map from the set
Ŵ of irreduible representations ofW to the nilpotent onjugay lasses in g, whih
turns out to be injetive: this is the (Brylinski-)Springer orrespondene (see [KW,
Ch.VI, 12-13℄ for the omplete story).
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